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that the optimal body has, close to the stagnation point, a conical shape with apexangle
of 120°,

We note that the terms discarded in Eqs, (4, 6) are of the order 2R and, therefore,
in satisfying the inequality p?R <1 ( p®R <€ 1 in the axially symmetric case)we
can, with a high degree of accuracy, assume the flow to be Stokes flow, Therefore, in
the plane-parallel case, and also in the axially symmerric case, the magnitude of the
angle 8, depends neither on the Reynolds number nor on whether the singular point is
at the front or at the back,

In conclusion, the author thanks F, L, Chernous'ko for his statement of the problem and
N, V, Banichuk for useful discussions,
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We consider the stationary convective diffusion problem (heat conductivity prob-
lem) which occurs in the flow of a fluid with a shear velocity profile above an
infinite plate, On the plate we assume discontinuous boundary conditions of zero
flow, zero concentration type, This problem is solved by use of the Wiener-Hopf
method with longitudinal diffusion taken into account, We obtain the exact solu-
tion in the form of a complex integral and we determine an asymptotic expan-
sion for the density of the flow on the plate close to and far from a discontinuity
point in the boundary conditions, We show that close to this point the diffusion
boundary layer approximation (DBLA) is unsuitable, We determine the character
of the singularity in the flow density at the discontinuity point and we make cor-
rections to the DBLA,

1, Statement of the problem and the Wiener-Hopf method, The
mathematical statement of our problem is the following :

¢ 02C

ac
Wy oo =G T Gy 0<r<oo, y>0, V>0 (1.1)
%g—(x,O)———-O, z<0; C(z,00=0, 2>0 (1,2)

C(x,y)-—,xi, L—s—=00 OF Y ~>00

We seek a bounded solution of this problem, Allvariablesare assumed to be dimensionless,
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The behavior of the solution as z —» — oo makes a direct application of the Four-
ier transformation difficult, To avoid this difficulty we consider the more general equa-
tion ac __ &C | &C
2(Vuy-+ U)g;‘;‘g'ﬁ"i—@;, v >0 (1. 3)
The usefulness of this generalization will become clear as we proceed, We introduce
the new dependent variable

¢ (@ y) =1 — C (2, p)] .4
We can obtain the following estimate for the solution of Eq, (1, 3) with the boundary con-
diti 1,2): B
itions ( ) 1——0(.’1}, y)\ﬁ\\Aezux’ T s e 00 (1.5)

This estimate guarantees existence of the Fourier transformation (in the classical sense)
for the function ¢ (z, ¥). A quick derivation of this estimate follows from Eq, (1.3)
by setting ¥V =0 and discarding, as & —> —oo , the term 9%C / 9y®. It is clear that
increasing V only strengthens the inequailty (1. 5), On the other hand, we shall solve
the problem (1,3) with ¥V = 0 exactly (see Eq, (2. 9)) and thereby confirm the esti-
mate (1, 5) directly, Thus, e

N XLy e O
¢ (x, y) < { 1.6
})’t’ . xr — + fnre)

To determine ¢ (z, ¥) we solve the problem

3 ¢ 2 . 9y, 09
—a;;—{--w‘—lu ‘{" 2VUy](P——2"y“B‘I— 1,7

%(x,O):O, 20 @0 e, 2>0

9—0, r=Vrfyg-x
For the solution of problem (1, 7) we employ the complex Fourier transformation
“+
1 c
q) ol Ry S e Z, d.l', = - i

(@ y) = 7= ) Pl y)dr, a=o i
The estimate (1, 6) ensures the analyticity of @ (@, y) in the strip —v <1< v ,The
form of the inverse transformation is

1 ir-fjoo :
X EIE m—— e~x( a, do e
@@y =~ 1»}& @y de, —v<r<o (1.8)

For () (@, y) we obtain the following equation:
d*D/dy* + RiVy(a + i) —a? — 2] D =

The solution of this equation, a decreasing function for y — oo may be expressed
in terms of the Airy function

® (a, y) =4 (@)Ai [&(y)] (1.9)
2iV {a - fv) y —o® — o2
[2V (@ + i0)]"

The function A (a) is, for the present, arbitrary, For the Airy function we employ the
normalization used in [1], We assume that —& < arg o < g, and that the branches

Ai(z) ::%iocos (sz +—:—1—53) ds, h(y)=exp (_.. _?_gi)
0
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of the functions (& =+ iv)" are fixed by the condition (& =+ iv)" — ¢” as ¢ — } oo
in the strip —¥ <[ T <[ ». We make cuts along the intervals (iz, ico) and (—ioo,
— i} of the imaginary axis,
In the sequel we employ the following properties of the Airy function [1, 2],
1. The functions Ai (z) and Ai’ (2) = dAi (z) / dz are entire functions, all
of whose zeros in the z-plane are simple and lie on the negative real semi-axis,
2, The following asymptotic expansions are valid:

) 2 ;
Ai(z) = V_ exp <—~-§~z )[i———z*“-{— 0(z‘3)J —n<argz<n (1.10)

: -1, 2 . T
Ai(z) = 7—_— 9-1 [sm(-—g—ﬂ/ +T> —
LY 2 au kL _
75 0cos (-0 -—4*) +0( 3)], 1=—0, 820
It can be verified that with the choice of branches indicated above, @ (&, y) — 0
for y — oo and —¥ < T < v
We use the Wiener-Hopf method [3] to determine A (&), We introduce the notation

0
D, (a,0) = S elerg(z,0)dr (1.11)

K3

t{ gz, 0)dz, D (2 0) = —
Vz—j—_‘ée q)(?} 3 ._(?) VZH
o [
@, (@, 0 fox 50 ' O=—-.._1._=-Sei“xﬂx,0dx
( ) VZE § (4 3y (-'13, 0) dz, (D_ (051 ) VZTC ) 3y ( )
The assumption concerning the existence of the integral @’ (a, 0) corresponds to
the assumption that the material flow density of the plate, namely, j (z) = dC (z,
0) / 9y ,has an integrable singularity as z — - 0. It follows from this that @, ' («,
0)—0 as a—oco. In fact [4],if d¢(z, 0)/dy ~ Ax*, z— + Oand —1 <
A <0, then

@, (o 0) ~ A (2T (A + 1)exp[ S0+ wme (112)

(Concerning the assumption made on the nature of the singularity of 7 (z) asz—> 4 o0
see the note at the end of the paper),

Of the four functions (1,11) the functions ®_(a,0) and @' (&, 0) are unknown,
Taking into account the fact that

D, (o, 0) + D_(a, 0) = 4 () Ai [ (0)]
@, (a, 0) + D" (a, 0) = A(a).a‘% Ai[k(0)]
and eliminating A (o) from these equations, we obtain the Wiener-Hopf problem

d) ! (a’ 0) + q) ! (av 0) == f (a') [q)+ (a,O) + CD.. (CZ, 0)]
2 exp (in/3) (a? -} v2

o= (— 2 ) @rro b or B s - SR

We assume that the problem of factorizing the function f (&) hasbeen solved,i. e,we assume
that a representation f (a) = f, () f. (@) has been found such that f, (o) is analytic
and has no zeros for T > —, while f_(a) is analytic and has no zeros for < <
Then, following the Wiener-Hopf method [3], taking into account the fact that D’ (a,
0) = 0 and @,' (@, 0) > 0 fora — oo, we find
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D, (0, 0) = G, (@1, @), D_(@ 0) = — 77 G- (@

The functions G, {a) and G_ () are analytic for v > —9 and T < v, respectively,
and are determined from the condition

G@) =f ()P, (2, 0) =G, (a) + G_ () (1,13)
which yields the result [3] ) wotics
=t o i, G(3)= — e S L0 g a.19
G (G‘) &IU- S bt Y - 2ni o t—a
—aotiey —ooti6y

(—r<a<tr<lea<ly)
Taking note of the relation (1, 13), we have

D, 0) =P (, 0) + D_(, 0) =G, (a)/ [ (@) (1.15)
— Ai (A (y)] Gy () Al [ (y)]
P (0, ) = Cle, O) = = =5 (1.16)
The quantity d¢ (z, 0) / dy , appearing in the expression for j (z) is determined di-
rectly in terms of @’ (@, ) 7o
%%-(x, 0) = 5 @ (0, 0> do (1,17

it—oo

Thus, solution of the problem reduces to facmrizing the function f{a).

2, Factorisstion, We consider now the analytic properties of the function f (a).
Using the first of the relations (1,10), we find

f@=—V@ LT U+ Yzl L 0@, Ime+)>0 (21

We note that f (q) = —Voc“ -+ ©* cotresponds 1o the exact solution of the problem
(1.7 for V = ( ; this is to be expected, since if V — 0 then z~» oo. As has al-
ready been mentioned, all the zeros of the functions Ai (z) and Ai’ (z) in the z-plane
lie on the negative real semi-axis, let —ry (rpx > 0), &k =1, 2,... be the zeros
of Aj (z), while —r' (r,) >0), £k =0,1,2,. .. be the zeros of Ai’ (z). We con-
sider now how the indexing of these zeros differs,

We introduce the quantities ¢y, and £’

” 3 , Y ’
r;{ =S V‘;Ztky I‘Z‘: V—Z—tx’ tO "_—":i

From the expressions (1, 10) we easily obtain the asymptotic expansions
o 1 1 5 1 1y
te=VE[t- g — (15— 1) =+ 0 ()|
P T4 4 1 7 1 1
t=VE[+ g~ (mg +1aw) w + 0 (7))
Taking into account the manner in which the branches were chosen, we find that the
poles o, of the function f (a) which coincide with the zeros of Ai [z (@)], are simple,

They lie on the positive imaginary axis in the @ -plane and are determined from the
condition

ey = iv{sy -+ 1)
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where g, is the positive root of the equation
ra = @VY® (&) s (s + 2
The zeros o’ of the function f () (also simple) lie on this same line
a = vl + 1), = @V () (s 4 2
In the case of greatest interest Vavy > 1 we have
o, = ire' V20 = iV 3aVt,, oy =iV 3avit, (2.2)

The function f (&) has no other singularities in the upper half-plane, In the lower half-
plane f (&) hasa cut {—ioc,—iv) alongthe negative imaginary axis and has no zeros and
poles, We introduce the function

gla) = —f(a)/ Vol + # = —z-h AV’ (2} / Ai (2) (2.3)
Its expansions for large and small z (Iarge and small &) are the following:
gla) =1 4+ Yz - 0 (279 (2.4)
go) = Bz s[4 Bzt (7 —B) 22+ 0]
B _Al©) _ 34307 (%)

O T T

Noting the properties of f (&), we find that £ (@) is analytic and has no zeros in the
strip — v < T < v and that g (&) — 1 as @ — oo in this strip, Consequently, the func-
tion g (o) satisfies Theorem C of [3] and may be factored in the standard way [3]

gla) =g, (Ag_(a), g, (@) =exph, (a), g (x)=exph_(a) (25

ic’o0 ic"+oo
Loy Ing®) _ t ¢ lng@
h-{r (CL) - —2—3—-{7 S g — dg’ h.. ((L) - ‘Z{Z S ’é‘:“a—-‘ dg (20 6)
jict—co {00
, — <l e T < <"y

In Egs, (2, 6) the branch of the logarithm is chosen in such a way that in g (§) - 0 as
E — oo. The factorization of f (@) is now made without difficulty and we find

fr (@ = FVax ivgs (@)
In Eqgs, (1,14) the integral for G, (a) is readily calculated upon noting that

1
O, (@, 0) = =577
the result is found to be G (@)= i (—iv)
+ V’z;{ o~ iv

This enables us to express @ (a, 0) and @’ (a, 0) directly in terms of g, () and
g_{a), Thus

, e A TR GO 2.7
(‘I)+ {a, 0) = -‘/2‘3‘{( 2iv) g_(— )(u—i—w}‘g ( )
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_ i (— 2i0)'i2g_ (— iv)
®(a, 0) = Vin (a— iv)l*@ -+ iv) g~ (@)

The expression (—Z2iv)": is here taken on the right side of the cut, The presence of
this factor shows that in the passage to the limit y — (, we must proceed with caution,
We note that the relations (1, 8),(1.16), (2. 5),(2.6) and (2, 8) give a2 complete formal
solution of the problem (1.7).

In the case V = U, as Egs, (2.1),(2.4) show, it is necessary to set g, (o) =
g_ () = 1 in the relations (2, 7) and (2, 8), Then, using these relations and the corme-
sponding inversion formulas, we obtain

(2. 8)

1 e
0@ 0) =gz F("ié‘ —2z), <0, V=0 (2.9)
8 Sy
"‘é;i‘(xa 0) T e ]/"f“gg‘e_xv, 1‘>0, V_—.n
If —2vx>>1 (z < 0), then
9 (&, 0) = == e (— 2v2) % [14 0 (1 )]
’ Vn oz

which confirms the estimate (1, 8),

In the sequel, we assume that VQ—I./ /»>>1 and, in the explicit form of », we shall
retain only terms containing singularities as p - (.

38, Calculation of the flow density, We show that in the equations (2,6)
the integral for %_ (a) can be evaluated exactly, The important factor is that function
A’ (z) / Ai (z) appearing in g (@) has no branches in the upper half-plane ¢ , and this
determines the choice of A_ (a) for the computation, Differentiating 4 _ (a) with respect
to o and integrating once by parts [5], we find

600
dhe 4 1A dg g
de — 2 E—a g df §=
16" o0
e o0
1 3 1 ﬁ[LL+Ai'(z) Ai (2)
2 E—adi| 2 z ' Aia) Ai’(z)}
i¢”"—eo
Az d exp(iny3) (€211 _ exp(in/3) 2 2 EZop?
9 dE@QUyR(E £ i @yh | Tt “Tm]

It is immediately evident that in the last integral the integrand function has no branches
in the upper half-plane, Closing the path of integration in the upper half-plane and fol-
lowing the type of reasoning used in the proof of Jordan's lemma [6], we obtain

dh. 1 1 1 1
dot = 2(5?)-—*01} - 2y A +}§1(a}€—aﬁ ak’.._a) (301)

Here «j and o) are given by the relations (2,2), A direct verification shows that the
series (3,1) is convergent, Integrating the equation (3, 1), we find

ho(@) = — —5ln(a— i)+ In(a — ay) -+ (3.2)
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2 (n(a — o) —In(o — o) — 8,] + ¢
k=1
The constants §, must be chosen in such a way that the series (3,2) converges (c is an
arbitrary constant), It is not difficult to show that convergence isensured for 8 = (4k)™.
Another choice of § ris equivalent to multiplication by a constant,
Taking Eq, (2, 5) into account, we obtain an expression for g_ (@) in the form of an
infinite product, namely,

g (a) =exph_(a) = ¢ (@ — iv)™ (@ — ") I

e 1
H:r{(g): }El—t-k—;—g-exp(———z—k), B"— VBI!V

The relations (1, 8), (1. 16), (2. 8) and (3, 3) yield a complete solution of the problem
(1,1),(1,2) in the form of a single complex integral,
In what follows we shall need expansions of II-* (B) for | p |<<1 and | B|>>1

(3.3)

InI @) = In I (0) + 7B + a8+ .o+ 18" 4. - (3.4)

- ” d 1 1 1

I @) = eviagu[1— 4 — 2 B2+ 0 ()] (3.5)
The constants yn and d are defined by the relations
_ e 4y )" — )" _“(t,_g_ L T P
T ,§1 Gy d—é B 4v‘§j“7+z“€("f)

Here ¥ is Euler’s constant and [ (z) is the Riemann [ -function, We note that obtain-
ing the expansion (3, 5) is not an entirely trivial problem,

Noting that g, (@) = g (o) / g_ (@), we obtain
o9 0 — i g (o) (2 -~ iv)lze7ix

z, 0) = —— (— 2iv)g_(—iv)e S — da

ay (0 0= 37 Frg- (=) i, (@ —a0) L) (2 — iv)
With the aid of the relations (3, 5) and (2,4) we can obtain an asymptotic expansion for
the factor accompanying the exponential term in the integral (3,6) for | & | > 1.
Integrating this expansion termwise, we find (for v — ()

j(x) = — —”’i(x 0) = Y311 (0) t-az=4s (3nV )'is X (3.7
[1+2(~—t—i—d)u ”“m" +0(u2)] u=7V3aVz

(3.6)

We have thus obtained the first three terms of the expansion of j (z) for z — -+ (.

In order to obtain an expansion for large x, we deform the contour of integration in
(8.6) in such a way as to envelope the cut in the lower half-plane from both sides, We
then obtain (asv — ()

%y‘P_ (%, 0) = exp ('L;tm/b) ( )1’ (1 (0) V31V °§ exp (i“v{(—‘:)g -1 (&)w(a)dg
0= A o () (5254 oo (45) () )+

IR S AR
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Using Watson's lemma in [7] and the expansion (3.4),we obtain finally an expression for
the flow density Vot
j = — _ai —_ (2V)‘33 i _1/.[ dy 1 24 1 3
@) == gy @O ="TFg et gt + G

4dy 4 10 1 28 1 20 1 1
Tw Ty At g g hAd a0 ()]

The constams A, d,, d, dj are determined by the relations

A=3 (2 (3) 1 (). dmnt

2
d2 = T2 + _%_ ;?“ "%" ";2- ’
3 2
b=+ e+ = (e + ) + B —

The first term in the expression (8, 8) coincides with the DBLA [8]. The terms which
follow give corrections to this approximation, which are connected with the longitudinal
diffusion, The expression (3,7) shows that the true character of behavior of the flow den-
sity j (x) ~ V'z=Y: as z -» -+ 0 differs from that given by the DBLA (j (2) ~
Visz—*4). Transition between these two forms of asymptotics occurs in the region = ~
Ve, Le. u~ 1.

We conclude by making several general remarks, Without changing the boundary con-
ditions, we consider the more general equation

oC 2C 92C

aVyn-2 e zw*f"@?, n>2, a>0, V>0 (3,9)

Here, @ is a number on the order of unity, and V is a parameter of the problem, Cor-
responding to Eq, (1.1), for example, we have @ = 2, n = 3. In the problem (3. 9),
ag in (1,1), there is no length scaling; changing over to the variables

T=2V", G=qVm m= - 1 .
we obtain an equation not containing v,
ey OC _BC a2C
W E T T o (3.10)
Thus, .
C = C V™, yV™), jx) = V"f{xv™ (3,11}

Assuming that in a neighborhood of the point of discontinuity in the boundary condi-
tions r = sz -+ y* = 0 forany V,the character of the solution of (3, 9) is determ-
ined by the highest derivatives, we obtain the first term in the expansion of a bounded
solution in a series in powers of 7, namely,

Cq = Ar'zsin (Yo9) (3.12)
So far, we have no knowledge of the constant A, The approximation (3, 12) yields for
j (x) the result j (x) ~ z~"2 Then, taking the relations (3,11) into account, we have
j@) ~ V" (xVm)=h (3.13)
We see then that for » = 3 this expression coincides with the first term of the expan-
sion (3, 7) to within a constant of order unity, Of course, it also follows directly from the

scaling invariance of the relations (3,11) that A ~ V™2, Discarding the convective
term is most natural if we of the equation is made in the form (3,10), This indicates
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the true nature of the approximation (3,12): it is suitable when r = r¥™ << 1. We
note that these considerations confirm the assumption (1, 12), which we made earlier in
connection with the integrable nature of the singularity of j (2) as z — --0.
For the Eq, (8, 9) the DBLA reduces to discarding the term 92C/ dy®. Then C (0,
y) = 1 and 1 1 Ty
Clayy) =T (1) y (L, &1 )

n ntont ow

where y (o, z) is the incomplete gamma -function, For the flow density the DBLA
yields the result

X

1@ =117 (=) (E‘“)1 .19

For the case n = 3, @ = 2 this expression coincides with the first term of the expan-
sion (3, 8), We note that for 7 = 2 (piston profile) the approximation(3,14) has the same
form as the approximation (3,13), This explains why the DBLA gives an exact expres-
sion for the flow density for a piston profile, To see that this is so, it is sufficient to
equate the expression (3, 14) to the expression obtained from equation (2, 9) with the
replacement v — V,

The general relationship (3,13) means that, for the boundary conditions chosen,

j () ~ 2~*:, independently of the form of the velocity profile (of the choice of n) as
2 —> -+ 0 ; and it is only the power to which V enters into this expression that depends
on the form of the profile,

It would be interesting to apply the method of matched asymptotic expansions to the
problem (1.1),(1,2), However, the results given here show that in an arbitrary case we
cannot join the DBLA with the first term (3.12) of a direct coordinate expansion, We note,
as B, A, Kupershmidt has shown, that Laplace’s equation has the solution(C~r" sin (*/;9),
which matches with the DBLA for x > 0,9 ~ 0. However, this solution gives an incor-
rect asymptotics j (z) as z — -- ( and does not satisfy the boundary condition 6C (,
0) / 8y = 0, 2 <~ 0.Moreover, the character of the exact answers (3, 7), (3, 8), in parti-
cular, the form of the constants appearing in them, compels one to doubt that they could
be obtained by any simple approximate method,

The author thanks V, V, Grushin and B, A, Kupershmidt for useful discussions,
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